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The method of averaging [1] is used to obtain the amplitudes and frequencies of
the oscillations of a solid about the permanent, steady-state rotations, is the Euler,
Lagrange and Kowalewska cases,

The method consists, essentially, of passing to the normal coordinates (amplitudes
and angle variables) and replacing the nonlinear terms (which are small compared
with the linear) in the equations of motion by their integral values averaged over the
periods of the angle variables, The characteristic equation of the first order approxi-
mation has, in these cases, imaginary roots and one or two zero roots, therefore it is
convenient to pass from z; to a4, £, and  u,. This transformation is expressed
for the characteristic matrix of the first approximation equations in the matrix form
as follows;

=Y\ a; [ReVy (i0;) cosu; —im V; (i) sinu] + Vo' (0) & (1
%

where Vy and V, are the zero columns accompanying the pure imaginary and zero
roots of the adjoint matrix,

We shall investigate the equations of perturbed motion of a solid with principal
moments of inertia denoted by A, B and C, projections of the vector of angular
velocity of rotation on the axes of inertia by p, ¢ and r, and coordinates of the
center of mass on the axes of inertia by =z, yo and  z. The body is acted upon
by a homogeneous or central Newtonian force field

= -—mg (zo¥1 + Yo¥a 1 ZV3)
U = —mg (xoy1 + Yoo + Zo¥g) — B (A1® + By* + Cv5f) /2
where 7y; are the direction cosines of the 2z -axis relative to the principal axes of
inertia,

The Euler case (z;==1yo= 20 = 0}, The equations of motion admit
the particular solution p = ¢ =0, r = w. In the case of perturbed motion we
assume that p = z;, g = x,, r = o -+ z3, and obtain

7 = —a0z, — ATyTg, Fy = LOX; - bxyxg, x3' = cayxy
a=(C—B)/A, b=(C—A)/B, c=(4A—B)/C

In the case of steady rotations about the z-axis (ab > V) the characteristic equa-
tion A (A2 - ebw?) = 0 has a zerorootand a pairof purely imaginary roots A, = 0,

Ayy == hioV ab , therefore the transformation (1) has the form
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@y = —aV absinu, x, = aocosu, ay= &
and the equations in terms of the normal coordinates become
o - 0, & = —bel abotsin ueos u, u = Vab (o -+ &) (2)

Equations (2) averaged over « have the solution @ = o, § = &, v = Vab (0 -
Eo) t - up. When c¢= — U (4 == #) , the above functions become a solution of
the exact (not averaged) equations, The solution determines the oscillation of the
body with respect tothe variables z; and z,, with period equal to 23/ ¥ ab (w -
&»). The phase trajectories in the variable space (xy, 13, 23) are ellipses which lie
on the plane parallel to the 2, ~plane,

When the body moves in a central Newtonian force field, the Euler — Poisson eq-
uation admit the particular solution p=¢=0,r= 0,y =y =0, y3=1 and
the equation of perturbed motion are

T = a0z, + lay; — @ (Txg — WYays) (3)
Ty’ = boxy — Wbyy - b (2%g — Byryy), T3 == o (2@ — pyide)

Yoo T oy - @lfg - Tg¥y — Ta¥s

¥y = T om0y -k By — Tgdn, Yy S Ty — Oyl

The characteristic equation of the linearized system (3)
RA+mA+n) =0, m=o* {1 +ab) —pla+b), n={(— o¥ab

has two zero toots and two pairs of purely imaginary roots ki, (k = 1,2, m = o,* +

o, n = e, therefore the transformation (1) assumes in this case the form
x; = —aydy; Sin uy, @y = @;0;; COS Uy, Ty =— nky 4)
yp = —adg; SN u;, yp == @;0y; €08 Uz, yg = —nby

where the summation over ¢ is carried out from one to two, and

e = —bowg® (wp? 4+ p — 0, op = — o (0% + pb — bo?)
dp = —p% {0 + pb — ), dyp = ooy (1 —b), k=12
After this, the equations (3) transform into the following equations in normal co-
ordinates;
a,’ = (aijm sin uy cos u; + ﬁij(k) cos uy, sin us)€;a; (5]
up” = oy + (—1)F (c:ij(k) ©OS Uy COS Uj — f}i_,-(’” sin uy, sin uj) a,™§;a5
ngy" = yij‘k)aiaj sin u; cosu;
Gif’) = {=— '1;)2'_1 n (g’“ladi,ukcij -+ dl,l*k(bl-&i, J} {dlgffgl -— dn(fgg;'—;
B = (— )" n (W bdy50p qak  diai, 6, ak) (1122 — Craca) ™
K k-1 k-1
WP = ¢ e g, i B Cagdyy)
Here and in what follows & = 1,2, and the indices i and ; denote summation from

one to two.
Averaging the right hand sides of (5) over the angle variables  u;, we obtain

the abbreviated equations and their solntions
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oy =0, & =0, u" = wp + Yy (—1)F (2™ — BE) £, = w,* (6)
ap = apo, Ep = Epor up = 0p* 1+ upg

From (6) it follows that the variables (4) are quasi-periodic functions of time, with
the periods equal to 7, = 2n/ wp™*.

Lagrange case (z=yy=0, A = B). The Euler — Poisson equations
admit the particular solution p=g=y, =9, =0,y =1, r = w.
Assuming in the pertutbed motion that p= 25, ¢ = 23, Y1 = ¥1, V2 = ¥, V3 =
1+ ys, we obtain the equations of perturbed motion in a homogeneous gravitation-
al field
x," = ary + by, 2, = —ax; — by, (n
Y1’ = —xg Yy — Za¥ge Yo' = Tty + Tl Y8 = Ty — Tide
a=(4 —CyrjAd, b=mgz /4, rr =0

The characteristic equation A [A% -} (#2 + & — 2b) A2 -1 (B + ar)}] = 0 of the
linearized system (7) has a single zero root and two pairs of purely imaginary roots
Fiwg, 0 + 0% = r? -+ a— 2b, 0,20, = (b -+ ar)? , therefore the transformation
(1) to three amplitudes &, a; and @, and two angle variables u, and wu,, has
the form

2y = —a;dy; Sinu;, Ty = a;cq; COS u; 8)
¥ = —@idy; sinu;, ¥y, = a@;cy;€08u;, Yy =&

g = r (b4 ar) — amy?, e = 0*+ b+ ar

dyp = op (02 + b —1?), dyp = —op (@+7r), k=12

where the summation over i is carried out from one to two, The equations in normal
coordinates now become
oy = (c1,145d1; SiN u; €OS Uy — ¢13d; ,14p €08 u; Sin uy)8a;d? (9)
up' = o 4 (—1)¥ (e4,148d1; Sin u; 8in uy 4 cz3dy 145 €OS u; COS ug) " 18a;d™%
Ex" = ;85 (egidy; — ¢qydyg) sinujcosuy, d = (a+r)(b-+ ar) {wy° — a%)
Averaging the right hand sides of (9) over the angle variables u, , we obtain
the abbreviated equations and their solutions in the form (6), where

k -
o = oy + (=17 (e a8 T iy, 141) Bo(20)77

which denotes, in terms of the variables 2z, y , the quasi-periodic motions with
periods T, = 21 ] o*.

The equations of perturbed motion in a central Newtonian force field coincide,
in the linear approximation, with(7), and can therefore be reduced by means of
the transformation (8), to the equations in normal coordinates where ¢ ;43d,; are
replaced by oy eidyaax by Bpy, and

@ = € 1@ B, qanfer B = g 1 — Wooita, 14y
The abbreviated equations and their solutions have the form (6} where
op* = op + (—1)% (@ + Brr)bo(2d)-2
This means that the body executes quasi-periodic oscillations with respect to the vari-
ables (8), with periods Ty = 2m [ wx®*.
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Kowalewska case (yo=12z =0, A =B =2C). The Euler — Poisson
equations admit, in the case of a homogeneous or a central Newtonian force field,
the particular solution p = @, y; =1, g =r = y, = y5 = 0. The equations of
perturbed motion of a heavy solid have the form

. . 10
2" = ryrg, 21, = —owzz + ay; — 1,74 (10)
zg' = —ay,, a= mgxy[C
Yy = ZTgly  TaYs, Yy = —I3 T Oy + Tz — T3y Y3 == Iy — Oy -

Zoly — Z1Y3

The characteristic equation 232 [2A4 4 2w® — 3a)A2 +a (a2 — w?¥)] = 0 of
the linearized system (10) has, in the case of permanent, steady state rotations(a < 0)
two zero roots and two pairs of purely imaginary roots + iwy, 2 (0,2 4 ©,?) = 20* —

3a, 200, = a(a — 0. We can therefore use the transformation
zy = &y, 7y = —a;dy; sin u;, xg == @;¢1; COS Y, (1)
1 = &2, Yya = —a;dy; SiN u;, Yz = @;Cy; COS U;
o
Cip = am, cp = a + 02, dip = op(ep® +a — @), dy, = —0w
to reduce the equations (10) to the following equations in normal coordinates:
a;’ = a; (a; cos uy sin u; — Pi; sin uy cos u;) (12)
= 0k - (—DF ejap (ay; sin uy sin u; + By; cos uy, cos uy) (aya,)
£ = —27l g;ajdyjey; cos ug sin uy, &' = (dy;§y — di;8s) g; sin u;-cos u;

tp; = ao (— do; &1 + d4;89) (cr1Cag — Cratep)™
Bri = I— 27aqunts - dnienca) & + Giencridel (dudee — dipdy) ™t

The abbreviated equations and their solutions have the form (6) where

op* = 0y + (—DF 27 (o + Bap) (1)

i.e. the coordinates (11) are quasi-periodic functions of time with periods 7 = 2 5t/
(D}:*-

If the solid moves in a central Newtonian force field, then the first two equations

of perturbed motion (10) will become
2ay = xpag — W¥als, 2x) =~ wrg -+ (a -+ W) Yz — Z;Z3 - UY1Ys
with the remaining equations of (10) unchanged.

The characteristic equation of the linearized equations of perturbed motion 2 A2
2M+202—3a—p A +a(a+ p —o0?] =0 will now have two zero roots
and two pairs of purely imaginary roots + 0y, 2 (02 -+ @) =20 — 3a—

1, 2 0202 = a{a -+ p — 0%). Using the relations (11), we can transform these equa-
tions to the equations in normal coordinates (12) where the quantities d;; and g&;°
increase by  27'udy, . pcaife  and 271 ga;dyjey; cos u; sin u; respectively. The ab-
breviated equations will assume the form (6) where w,* is given by (13). This im-
plies that the motion will be quasi-periodic in  z;,y; , with two periods.
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