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The method of averaging El] is used to obtain the arnp~~d~ and frequencies of 
the oscillations of a solid about the permanent, steady-state rotations, is the &ler, 

Lagrange and Kowalewska cases. 
The method consists, essentially, of passing to the normal coordinates (amplitudes 

and angle variables) and replacing the nonlinear terms (which are small compared 
with the linear) in the equations of motion by their integral values averaged over the 
periods of the angle variables. The characteristic equation of the first order approxi- 

mation has, in these cases, imaginary roots and one or two zero roots, therefore it is 
convenient to pass from xi to ah, tk and Uk . This tra~formation is expressed 
for the characteristic matrix of the first approximation equations in the matrix form 

as follows: 

z=z ai [ Re VI (ioi) ~0s ui - im V, (80~) sin UJ + V,’ (0) & (3 
i 

where VI and V2 are the zero columns accompanying the pure imaginary and zero 
roots of the adjoint matrix. 

We shall investigate the equations of perturbed motion of a solid with principal 
moments of inertia denoted by A, B and C, projections of the vector of angular 
velocity of rotation on the axes of inertia by p, (I and r, and coordinates of the 
center of mass on the axes of inertia by XO, YO and z. . The body is acted upon 
by a homogeneous or central Newto~an force field 

U = --mg b0y1 -t- YOYZ + ZoYd 

L’ = --mg (TOYI + YOYZ / --L- 20~3) - p MY,’ -I- By,* f CY,? i 2 

where yi are the direction cosines of the z -axis relative to the principal axes of 
inertia. 

T h e E u 1 e r c a s e (Q = y. = zg = 01. The equations of motion admit 
the particular solution p = q = 0, r = w. In the ease of perturbed motion we 

assume that p = zr, q = x2, r = o + z3, and obtain 

x1 *= -awxa - ax2x3, x8 = 6wx, -f- bxlx3, x3 * = CXlX2 
a=(C-_)/A, b= (C-/%)/B, c=(A -B)/C 

In the case of steady rotations about the z-axis (ab > 0) the characteristic equa- 
tion h (hz -/- ab~.P) = 0 has a zero root and a pair of purely imaginary roots hr = 0, 
A2s = 3- i~l/z , therefore the transformation (1) has the form 
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.rl = --cr.‘~~~i sin u, I2 = CL0 cos 24, 
z3 = 5 

and the equations in terms of the normal coordinates become 

i(’ 0, Tg’ - -l,cjf Zu2 sill u cm u, u’ = v-2 (0 -:- i) (2) 

Equations (2) averaged over u have the solution a = Q,, 5 =-^ go, ~1 = vz iw -i_ 
j,) I ,- ILO. When c = - u (il -= BB) , the above functions become a solution of 
the exact (not averaged) equations. The solution determines the oscillation of the 
body with respect tothevariables ZI and xa , with period equal to 2% I !I z (Q 

LJ. The phase trajectories in the variable space (sr, dz, zs) are ellipses which lie 
on the plane parallel to the +z2 -plane. 

When the body moves in a central Newtonian force field, the Euler - Poisson eq- 
uation admit the particular solution p 4 v = 0, I‘ = o, yI = yz = O,, ys = 1 and 
the equation of perturbed motion are 

(3) 

The characteristic equation of the Linearized system (3) 

h2 (X4 + mh” + ri) = C), IIL z 0” (1 + ab) - p (a i_ b), 12 = (Jo - c$}%b 

has two zero roots and two pairs of purely imaginary roots -&wk (k = 1,2; m = 02 i- 
was, n = ol”022), therefore the transformation (1) assumes in this case the form 

zI = --a&j sin q, Z2 = aicli COS Ui, 13 =- Tt& (4) 

1/l = -aidsi sin pi, ~2 Z= aiCsi COS Ui, ~3 = -Jz 

where the summation over i is carried out from one to two, and 

Clh = -4mW~2 (aa’ + p - 02), C@ = --cop’ (ok2 + pb - bo2) 

dlk = --aA (aka + pb - 02), daA = wok (f - t), k = 1,2 

After this, the equations (3) transform into the following equations in normal co- 
ordinates: 

Here and in what follows k = 1,~ , and the indices i and i denote summation from 

one to two. 
Averaging the right hand sides of (5) over the angle variables Us,. , we obtain 

the abbreviated equations and their solutions 
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ak * = 0, %k- = 0, “k’ = @k + ‘/2 (-I)” (ai, 

@k = QkO? %k = %kO, uk = ok* t -b =kO 

From (6) it follows that the variables (4) are quasi-periodic functions of time, with 
the periods equal to 2’k = 23~ I #k*. 

L a g r a n g e c a s e (5 = I/~ = 0, A = B). The Euler - Poisson equations 
admit the particular solution p = q = y1 = ya = 0, y3 = 1, r = o. 

Assuming in the perturbed motion that p = 4% (I = 22, Yl = 91, Y2 = L%?P Y3 = 

1 + Y3l we obtain the equations of perturbed motion in a homogeneous gravitation- 

al field 
x1’ = ax2 + by%, x,’ = ---ax, - by, 

Yl’ = -4 + rY% - xsy3, Y,’ = x1 - Vl + X1Y3r Y2' = XZYl - XrY2 
(7) 

a = (A -C)r/A, b=mgq,/A, r’s0 

The characteristic equation I [A* + (I.2 + a - 2b) h2 + (b + ar)21 = 0 of the 
linearized system (7) has a single zero root and two pairs of purely imaginary roots 
*iok, o12 + oS2 = 9 + a - 2b, w&s2 = (b + at)2 , therefore the tra~formation 

(1) to three amplitudes E, aI and a2 and two angle variables ur and uZ , has 

the form 
XI = -aidri sin ui, X2 = UiCli COSUi (8) 

~1 = -aidai sin Uiy ~2 = aie2icOSui, ~3 = E 

e,k = r (b + ar) - lXok2, cak = 02 + b + ar 

dlk = ok (Wka + b - r2), dzk = ---ok (a + r), k = 1,2 

where the ~mmation over i is carried out from one to two, The equations in normal 
coordinates now become 

Ok' = b,l+k d ’ Sill Ui COS Uk - Clidl,,+k CO8 Ui Sill Uk)caid-’ 1z (9) 
Uk’ = Ok + (-I)” (C1lltR d Ii Sin Ui Sill l~k + caidl,l+k COSui COS uk)ak‘-'&id-' 

tk' = eiaj (~,&~j - C~idaj) sin U~COS ZJ~, d = (a + r) fb + W) (Ok’ - 01’) 

Averaging the right hand sides of (9) over the angle variables ilk , we obtain 

the abbreviated equations and their solutions in the form (6), where 

a&* = @k + (--1)” @,, r&r& + Car;dl, I.& %I !2d)-* 

which denotes, in terms of the variables xk, !,k , the quasi-periodic motions with 

periods T, = 23-r 1 aA*. 
The equations of perturbed motion in a central Newtonian force field coincide, 

in the linear approximation, with (7), and can therefore be reduced by means of 

the transformation (8), to the equations in normal coordinates where CI,1+bdli are 

replaced by oki; Clidr,l+~ by Pkit and 
1 

“hi = cl,l+k%i - PC& l+k d 2i' @,i = C&, l+k - &id,, I+.?; 

The abbreviated equations and their solutions have the form (6) where 

Wi * = ok + t---1)” (a,, -i- &&o&f)-’ 

T&s means that the body executes quasi-periodic oscillations with respect to the vari- 

ables (8), with periods Tk = 2x f ok*. 
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K o w a 1 e w s k a c a s e (yO = z,, = 0, A = B = 2C). The Euler - Poisson 
equations admit, in the case of a homogeneous or a central Newtonian force field, 
the particular solution p = o, y1 = 1, Q = r = ya = y3 = 0. The equations of 
perturbed motion of a heavy solid have the form 

2.x; = xszs, 2x; = --oxs + ays - 515s (IO) 

2s’ = -ay,, a = mgx, / C 
Yl’ = =3y, - %Ygt Y,' = -53 + @Y, + 51Y3 - x31/1 Y3’ = x2 - WY, i- 

%Yl - “1Ya 

The characteristic equation 2h2 [2h4 + (202 - 3a)hZ + a (a - @)I = 0 of 
the linearized system (10) has, in the case of permanent, steady state rotations(a < Oh 
two zero roots and two pairs of purely imaginary roots f iok, 2 (0~2 + 0~2) = 202 2 

3a, 2oi%Q = a (a - 0”). We can therefore use the transformation 

x1 = Ez, x2 = -Uid,i sin Ui, X3 = UiCli CO.3 LLi (111 

Y1 = Ez, Y2 = -aidsi sin Uir y3 = UiCzi COS Ui 

Clk = ao, czk = a + ok2, &k = ok(0k2 + a - d), dzk = ---oak 

to reduce the equations (10) to the following equations in normal coordinates: 

a K’ = ai (ajci COS uk sin ZLi -- Blii sin uk COS ui) (12) 

Uk . = ok - (-1) aia,c+l (aki sin uk sin ui f Fiji cos uk cos ui) (a1az)-1 
E,’ = -2-l UiUjd,jr,i COS ZLi sin U,j, &’ Z= (d,iE, - d,i~,) ~i sin ~i.COS Uj 

ski = aa (- d2iE1 $ &i&d (c11C22 - CI#ZI)-~ 

phi = [-- (2-‘d . 2 lt/r+i + 4,ltkc2i) h + 4,l+,&21 Cd,&22 - 42d,d-' 

The abbreviated equations and their solutions have the form (6) where 

ok* = Ok + (~-I)” 2-r (%k + Bkk) (13) 

i. e. the coordinates (11) are quasi-periodic functions of time with periods Tk = 2 x ! 
0,:*. 

If the solid moves in a central Newtonian force field, then the first two equations 
of perturbed motion (10) will become 

2 x1’ : 
x21‘3 - py,y,, 2 z-2' z -- OJ3 +- (a -+- 11) y, - XIXQ -!- py,y, 

with the remaining equations of (10) unchanged. 
The characteristic equation of the linearized equations of perturbed motion 2 J? 

[a h4 -1 (2 o2 - 3a - P) X2 +- a (a + p - 02)] == 0 will now have two zero roots 

and two pairs of purely imaginary roots * iWk, 2 (WI2 -;- 022) = 2 o2 - 3 a - 

P, 2 or*02Z = a (a + P - 02). Using the relations (ll), we can transform these equa- 

tions to the equations in normal coordinates (12) where the quantities dlLi and &’ 

increase by Z-'/ldz,l+kC~iZ2 and 2-r aiUj 2, 21 d .C cos ui sin u,i respectively. The ab- 

breviated equations will assume the form (6) where ok* is given by (13). This im- 

plies that the motion will be quasi-periodic in xi, yi , with two periods. 
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